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ABSTRACT

Robotics has dramatically increased our ability to gather
data about our environments, creating an opportunity for
the robotics and algorithms communities to collaborate on
novel solutions to environmental monitoring problems. To
understand a taxonomy of problems and methods in this
realm, we present the first comprehensive survey of decision-
theoretic approaches that enable efficient sampling of various
environmental processes. We investigate representations for
different environments, followed by a discussion of using
these presentations to solve tasks of interest, such as learning,
localization, and monitoring. To efficiently implement the
tasks, decision-theoretic optimization algorithms consider:

Yoonchang Sung, Zhiang Chen, Jnaneshwar Das and Pratap Tokekar (2023), “A
Survey of Decision-Theoretic Approaches for Robotic Environmental Monitoring”, :
Vol. xx, No. xx, pp 1–18. DOI: 10.1561/XXXXXXXXX.
©2023 A. Heezemans and M. Casey



2

(1) where to take measurements from, (2) which tasks to be
assigned, (3) what samples to collect, (4) when to collect
samples, (5) how to learn environment; and (6) who to
communicate. Finally, we summarize our study and present
the challenges and opportunities in robotic environmental
monitoring.



1
Introduction

Environmental monitoring is a crucial field encompassing diverse appli-
cations, including marine exploration, wildlife conservation, ecosystem
assessment, and air quality monitoring. Collecting accurate and timely
data from inaccessible locations and challenging environments is es-
sential for understanding and addressing environmental issues. Robots
offer a promising solution by enabling data collection at unprecedented
spatio-temporal scales. However, relying solely on teleoperation is im-
practical and limits the efficiency and effectiveness of environmental
monitoring efforts. Autonomy plays a pivotal role in unlocking the
full potential of robots, allowing them to operate independently and
intelligently in complex environments.

This survey paper focuses on high-level decision-making problems in
autonomous environmental monitoring robots. Decision-making at the
high level involves strategic planning and coordination to optimize data
collection. Addressing these challenges allows robots to autonomously
navigate, explore, and gather scientific data in a wide range of environ-
mental monitoring applications.

Despite the potential benefits of autonomous environmental moni-
toring, several research challenges must be overcome. The first challenge

3



4 Introduction

lies in the development of effective high-level decision-making algorithms
capable of handling environmental complexities and uncertainties within
resource constraints. These algorithms enable robots to make informed
decisions on task prioritization, sensor selection, path planning, and col-
laboration with other robots or human operators. Additionally, ensuring
the robustness, adaptability, and scalability of decision-making systems
is critical and challenging for real-world deployments. This survey delves
into the current state-of-the-art decision-making algorithms, compares
their strengths and limitations, and discusses their applicability to envi-
ronmental monitoring, aiming to shed light on the progress made and
highlight the open research problems in this field.

By focusing on high-level decision-making, this survey aims to pro-
vide insights and understanding for researchers and practitioners in
the field of autonomous environmental monitoring robotics. The knowl-
edge gained from this survey can guide the development of advanced
decision-making techniques, paving the way for more effective and effi-
cient environmental monitoring efforts and contributing to the broader
goal of sustainable resource management and conservation.

Environmental monitoring encompasses a wide range of applications.
Despite the diversity of these applications, many decision-making prob-
lems share common characteristics. For example, robotic systems in
environmental monitoring applications face complex decision-making
challenges, requiring high-level planning to optimize resource utiliza-
tion and data collection. Effective decision-making in these scenarios
requires abstractions to model these environments and formulate ef-
ficient solutions. By identifying these commonalities, we can uncover
general principles and techniques that can be adapted and applied
across different environmental monitoring applications.

Particularly, we focus on three typical decision-making tasks in the
scientific studies of environmental monitoring. First, environmental
scientists wish to efficiently learn representations for environmental
processes. Second, they want to localize phenomena such as hotspots
using these representations. Third, they want to monitor change in
the phenomena, e.g., movement in the boundary of an oil spill and
the change in tree canopy size through a season. This article presents
a comprehensive survey of environmental monitoring, covering data-
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driven algorithms geared towards deployment on cyber-physical systems,
such as wireless sensor networks and networked robotic vehicles. The
paper serves as a tutorial for engineers and scientists who are interested
in applying information theoretic algorithms to maximize the yield of
scientific studies. This objective is particularly necessary in the context
of field data collection that can be dramatically improved by the choice
of efficient robotic sampling strategies.

1.1 Related Surveys

We compile related survey papers that discuss autonomous monitoring
applications. Corke et al. (2010) review environmental and agricultural
applications utilizing wireless sensor networks. Camilli et al. (2010)
conduct an overview of advanced platforms, power generation, commu-
nications, and sensing technologies for marine environmental monitoring.
An environmental monitoring survey paper (Dunbabin and Marques,
2012) introduces various sensor types, sensor network platforms, and
commonly used technologies for measuring environmental variables.
Lattanzi and Miller (2017) present a recent survey on robotic infras-
tructure inspection. Challenges in the infrastructure inspection include
the design of inspection robots, trajectory planning, and handling GPS-
denied environments. Precision agriculture (R Shamshiri et al., 2018;
Vougioukas, 2019; Sparrow and Howard, 2021; Oliveira et al., 2021a;
Basiri et al., 2022) has recently gained significant attention in robotics,
with an objective to monitor and enhance crop health by utilizing multi-
ple sources in a more efficient manner. Murphy et al. (2016) summarize
robot designs, concepts, and open issues in search and rescue for disaster
scenarios. Liu and Nejat (2013) introduce control methods in robotic
urban search and rescue, while a survey paper by Queralta et al. (2020)
focuses on multi-robot systems for search and rescue.

In contrast to the aforementioned survey papers that focus on specific
applications, our goal is to offer a comprehensive algorithmic framework
for a broad spectrum of environmental monitoring tasks. Our paper
will serve as a guideline for identifying appropriate decision-making
challenges, assumptions, and algorithmic considerations for various
applications.
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Figure 1.1: Organization of this survey. Environmental monitoring processes involve
three key aspects that must be clearly defined. First, it is essential to determine
the ideal environmental representations and their properties. Second, understanding
the type of task the monitoring process is involved in is crucial to define task
objectives effectively. Third, leveraging decision-theoretic tools from the literature is
critical for making informed decisions during environmental monitoring. This survey
provides detailed guidelines for each of these aspects to assist practical users in their
monitoring endeavors.

The remaining of this survey is organized as follows (Figure 1.1).
In Chapter 2, we introduce various methods of representing the en-
vironment, which are broadly grouped into discrete and continuous
approaches. In Chapter 3, we present three primary tasks in envi-
ronmental monitoring: the learning, localizing, and monitoring tasks.
Chapter 4 is the core of this survey, where we delve into the details of
various decision-theoretic approaches based on 5W1H-driven categories.
We conclude the survey in Chapter 5 with a discussion on promising
future directions and final remarks.



2
Robust Representations of the Environment

The decision-making algorithms for robotic environmental monitoring
depend on environmental representations. Choosing the appropriate
representation requires a careful balance between the fidelity of the
representation and its suitability for planning and computation. In this
chapter, we survey the commonly used environmental representations
and discuss their properties.

2.1 Representations

Environmental representations can be broadly categorized into dis-
crete and continuous representations. Hybrid representations, such as
variables on continuous space and discrete time, are also common. Plan-
ning algorithm design and analysis depend closely on the choice of
representation.

2.1.1 Discrete representations

Discrete representations are common due to their simplicity. Using a
denser resolution for discretization (higher sampling frequency) yields
results closer to the ground truth but demands greater computational

7



8 Robust Representations of the Environment

resources.
Common representations of discrete environment are grid cells and

a graph. Grid cells partition an environment space into equal-sized
cells. The shape of a grid cell is usually a square (Sung and Tokekar,
2019). Other shapes, e.g., a hexagonal cell (Sujit and Ghose, 2004),
are employed to enable more flexible robot actions. When consider-
ing a 3D environment explored by aerial robots, a quadtree structure
may be suitable to accommodate the varying resolutions of sensor foot-
prints (Carpin et al., 2013; Vidal et al., 2018). The time complexity for
accessing grid cells is constant, denoted as O(1). The complexity for
searching is linear, O(n), where n is the total number of grid cells. The
space complexity of storing data in grid cells is O(n).

Occupancy grid map representation (Thrun, 2003) is usually used
to delineate free cells that robots can navigate and to identify occupied
cells as obstacles. Octomap (Hornung et al., 2013) is a 3D probabilistic
occupancy map that incorporates uncertainty induced by imperfect
sensing based on an octree structure (Palomeras et al., 2019). The time
complexity for accessing, inserting, or updating a node in the octomap
is O(log n), where n is the number of nodes. Memory usage is adaptive,
often more efficient than grid maps, especially in vast environments with
large homogenous regions. Temporal aspects have been incorporated
in occupancy maps (Arbuckle et al., 2002) to model a spatiotemporal
environment.

Signed distance function (SDF) computes the distance of a given
point from the boundary of the nearest object where a sign determines
whether the point is inside of the object or not. Curless and Levoy
(1996) propose a discretized signed distance function called signed
distance fields. In comparison with occupancy grid maps, the signed
distance field representation facilitates collision checking and accurately
represents the contour of boundary contours (Saulnier et al., 2020).
The computational complexity of evaluating or computing the SDF
often depends on the representation and method used. For example, in
grid cells (or voxels), the SDF values are usually precomputed for every
voxel in a grid. The time complexity for querying the SDF value of a
point is O(1). Computing or updating the SDF values for all voxels in
the grid can be O(n), where n is the number of voxels.
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Graph representation is used to symbolically decompose an environ-
ment into a set of regions that robots can visit and a set of paths that
connect the regions. In terms of graph theory, regions and paths corre-
spond to nodes and edges, respectively. Edges can be either directed
or undirected depending on traversability between adjacent nodes in
the problem. The cost of moving along an edge can be represented by a
weighted edge. The graph map representation is also called topological
map, which is reduced from a metric map to represent the relations
among entities. Topometric map is additionally involved with local
metric maps connected by edges, e.g., Voronoi graph (Oßwald et al.,
2016). Grid cells are a special graph named a grid graph.

Gaussian Markov random fields (GMRF; Lindgren et al., 2011) is
a type of probabilistic graph that utilizes undirected graphs to repre-
sent conditional dependencies between variables and leverage Gaussian
distributions to describe the probabilistic relationships. This model-
ing approach harnesses the inherent spatial Markov property and has
showcased significant promise in the field of robotics. Its appeal lies
in its remarkable computational efficiency and scalability, making it a
valuable tool in the realm of robotic systems (Xu et al., 2016; Kreuzer
and Solowjow, 2018; Duecker et al., 2021).

2.1.2 Continuous representations

Scalar environment field

The scalar environment field is used to represent a quantity of in-
terest, such as temperature and salinity. Robots can measure those
quantities within an n-dimensional environment through a continuous
environmental function that maps from Rn to R.

Gaussian processes

Gaussian processes (GPs) are nonparametric Bayesian methods designed
to model spatio-temporal phenomena. GPs rely on a finite collection of
variables, which are Gaussian-distributed, to represent these features
of interest. They generate features of interest in any continuous space
and time and provide an associated prediction uncertainty. Due to
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its simple implementation, practical usefulness, and theoretical results
(e.g., near-optimality derived using submodularity; Krause et al., 2008b;
Srinivas et al., 2010), GP has been employed with great popularity in
literature (Jadaliha et al., 2013; Nguyen et al., 2016; Ma et al., 2018).
GPs have also been widely applied in multi-robot systems (Chen et al.,
2015; Luo et al., 2019; Ouyang and Low, 2020). To address scalability
concerns, each robot is designated to manage local information.

One challenge of employing the GP is its cubic computational com-
plexity with respect to the number of training samples, denoted by
O(n3). Because n is usually large in environmental monitoring applica-
tions, many approximation methods have been proposed to alleviate the
complexity.1 The most well-known approach proposed by Snelson and
Ghahramani (2006) involves introducing sparse pseudo inputs, referred
to as inducing points, to model smoothly-varying functions with high
correlations. Their model reduces complexity to O(n2

i n), where ni de-
notes the number of inducing points. To model highly-varying functions
with low correlations, local approximation methods by Deisenroth and
Ng (2015) divide an environment into n

ni
regions and apply a local

GP in each region, reducing the complexity to O(n2
i n). Infinite-horizon

Gaussian process (IHGP) approximation by Solin et al. (2018) is another
local method that builds a linear Gaussian state space model (instead of
a kernel matrix) and applies a Kalman filter. The complexity of IHGP
is O(d2n), where d is the dimension of the state space. Park and Choi
(2020) improve IHGP by learning time-varying hyperparameters using a
sparse and nonstationary data stream. Pillonetto et al. (2018) use a sub-
set of orthonormal eigenfunctions from the Karhunen-Loève expansion
to collaboratively estimate the GP, thereby reducing computational and
communication burdens while maintaining estimation accuracy.

In contrast to discrete occupancy maps, continuous occupancy map-
ping generates a map at any resolution, free from the constraints of
single-scale mapping, thereby eliminating pre-discretization inaccuracies.
Discrete occupancy maps usually consider the information on each grid
as independent from others. Several continuous counterparts have been

1More detailed summary on GP approximations can be found by Park and Choi
(2020).
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proposed to alleviate those shortcomings. Gaussian process occupancy
maps (O’Callaghan and Ramos, 2012; Wang and Englot, 2016) handle
the situation when an underlying environment exposes a structure, by
encoding dependencies between grids. Hilbert map (Ramos and Ott,
2016) is another continuous occupancy map that projects data into
the Hilbert space to preserve local information, allowing for fast ker-
nel approximation. Dynamic environments have also been studied in
Gaussian process occupancy maps (Senanayake et al., 2017) and Hilbert
maps (Guizilini et al., 2019). Bayesian Hilbert maps (Senanayake and
Ramos, 2017) use kernels to perform Bayesian logistic regression in a
high-dimensional feature space, resulting in the cubic computational
complexity with respect to the number of features, which are usually
much smaller than training samples. Automorphing Bayesian Hilbert
maps (Senanayake et al., 2018) improve the accuracy over Bayesian
Hilbert maps by learning all location-dependent nonstationary kernel pa-
rameters with variational inference. As automorphing Bayesian Hilbert
maps require to collect the entire dataset, Tompkins et al. (2020) pro-
pose online domain adaptation to support sequential training. Bayesian
kernel inference-based mapping by Doherty et al. (2019) deals with
sparse and noisy sensor data issues by inferring the state of unknown
regions from neighboring regions. The computational efficiency of this
approach, which scales logarithmically with the size of the training data,
notably surpasses that of GP-based methods.

Gaussian process implicit surfaces (Williams and Fitzgibbon, 2006;
Hollinger et al., 2013), a nonparametric regression model for recon-
structing surfaces from 3D data, are adopted by Lee et al. (2019a) to
construct continuous mapping online. The proposed map computes
a probabilistic estimate of the signed distance field while preserving
distance gradients, which is useful for obstacle avoidance.

Modeling with basis functions

Lynch et al. (2008) propose a parameterized approximation to represent
the environmental function as a weighted sum of a finite set of basis
functions. Examples of basis functions include sinusoids in Fourier
series, wavelets, and polynomials. Jadaliha and Choi (2013) consider
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weights as time-varying coefficient vectors to model a time-varying
scalar environment field.

Partial differential equations

A more realistic environmental model is needed to track dynamic plumes
that have complex behaviors. Fahad et al. (2015) use a Lagrangian model
to capture both time-averaged and instantaneous structures by assuming
the plume to be composed of particles. Wang et al. (2019) present an
advection-diffusion partial differential equation model to model dynamic
dispersion.

Similar to the complexities in modeling dynamic plumes, achieving
precise flow representation presents significant challenges, thereby com-
promising its reliability in robotic control applications. Several control
schemes have been proposed to correct the modeling error, especially in
underwater applications, such as data-driven flow models using basis
functions (Chang et al., 2017), incompressible flow fields (Lee et al.,
2019b), and gyro-like flow fields (Knizhnik et al., 2022). Salam et al.
(2022) propose a method to capture high-level features in flow-like envi-
ronments where obtaining an explicit flow representation is intricate.

Sparsity in data across various domains is leveraged by choosing
a suitable feature space, such as wavelets, to create parsimonious rep-
resentations. If an alternative feature space can be identified, and the
signal is incoherent, a sampling scheme can be developed to utilize
parsimonious representations for efficient environmental observation.
This approach, called compressive sensing, has demonstrated signifi-
cant promise in magnetic resonance imaging and holds potential for
environmental monitoring.

2.1.3 Hybrid representations

Hybrid representations are often employed to model the combination of
discrete variables (e.g., environment partitions) and continuous variables
(e.g., spatial groundings) for environmental phenomena.

Dirichlet processes (Teh et al., 2010) are another nonparametric
Bayesian methods, often used for clustering problems where a cluster
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size is unknown. In Dirichlet processes, the number of clusters is auto-
matically learned in a data-driven manner (i.e., unsupervised learning)
as the task progresses, which is an attractive feature for environmen-
tal monitoring applications. Several existing methods adopt Dirichlet
processes to leverage such an advance. Ouyang et al. (2014) propose
a method that learns to partition the environmental phenomenon into
local regions based on a stationary spatial correlation structure. This
method utilizes a Dirichlet process mixture of locally stationary GPs.
Girdhar et al. (2019) employ Chinese restaurant processes, a discrete-
time stochastic process closely related to Dirichlet processes, to handle a
priori unknown numbers of scene labels from a discretized environment.
Chinese restaurant processes model the partition of customers into
tables in a restaurant context. Steinberg et al. (2011) use a variational
Dirichlet process model (Kurihara et al., 2006) to cluster large quantities
of seafloor imagery.

Topic modeling developed for text analysis has been adopted to
produce low-dimensional descriptors that identify semantically similar
or distinct objects in the environment (Girdhar et al., 2014; Girdhar
and Dudek, 2016). These image descriptors, formulated through topic
modeling, adeptly discern thematic shifts in scenes and are robust to low-
level image changes. Observations are characterized by a distribution of
spatiotemporal topics. The objective of topic modeling is to compute
a surprise score for a newly observed image using the distance to the
closest sample in the topic space. Several extensions have been made
to topic modeling, such as multi-robot system applications (Doherty
et al., 2018) and a hierarchical topic model for the spatial distribution of
categorical observations (also known as the Gaussian-Dirichlet random
field; Soucie et al., 2020).

2.2 Properties

Understanding and identifying properties of environments are important
due to their large impact on algorithm design. By doing so, we can
narrow down to particular algorithms from a large class of algorithm
options and find useful property-based guarantees that solve a given
environmental monitoring problem. We show properties of environments
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that might vary greatly depending on a problem instance.

2.2.1 Phenomenon countability

The target monitoring phenomena can be categorized into discrete ob-
jects and continuous fields. Discrete objects are countable and can be
represented by points, e.g., humans, animals, rocks, and fruits. Con-
tinuous fields are uncountable and can be represented by the density
of environmental attributes, such as gas, water temperature, ocean
salinity, and soil nitrogen levels. A special type of continuous field forms
a specific region of interest with an arbitrary shape and is often not
entirely detectable by a single footprint of a robot sensor due to its large
size. Examples of this variant include plumes of pollutants, radioactive
emissions, and fires.

2.2.2 Field (non)-stationarity

Most environments for continuous fields vary spatially in practice. A
nonstationary property usually exhibits different degrees of smoothness
in the local variation in different regions of an environment (Ouyang
et al., 2014). Nonstationary versions of the covariance functions have
been proposed for GP (Paciorek and Schervish, 2004). Chen et al.
(2022) design nonstationary kernels, called the attentive kernel, for
better accuracy and uncertainty quantification. The work by Cao et al.
(2013) exploits the spatially correlated structure of GP to enhance the
performance of their algorithm. They investigate an environment with
higher spatial correlation along one direction than in the perpendicular
direction, referred to as an anisotropic field.

2.2.3 Temporal characteristics

A binary environment consists of regions of interest and regions of
non-interest (Sung and Tokekar, 2019). This method is particularly
useful for coverage and exploration problems where an objective is not
to estimate the density of the environment but to completely cover
every single point in regions of interest.
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Generally, the states of an environment may vary over time due to
external factors, for example, natural phenomena like wind and waves.
The location of discrete objects and the density of continuous fields
may change temporally. To estimate time-varying states of discrete
objects, conventional state estimators, such as Kalman filters (Lynch
et al., 2008), extended Kalman filters (Hitz et al., 2015), and particle
filters (Körner et al., 2010), are useful to incorporate noisy measurements.
Searching for and tracking a single mobile target is still actively studied
in challenging scenarios, such as a pursuit evasion problem (Kalyanam et
al., 2020). As conventional state estimators are not suitable for handling
a varying number of objects, Mahler (2003) proposes the probability
hypothesis density filter that simultaneously estimates both the state
and the number of objects. To avoid the expensive computation of
the probability hypothesis density filter, sampling-based (Dames et al.,
2017) and Gaussian-based (Sung and Tokekar, 2021) approximations
have been adopted. Krajnıék et al. (2015) propose a frequency-based
map to represent the periodicity of environment states, e.g., human
daily regular activities.

Previous work has considered both discrete and continuous time
aspects to handle temporal dynamics in continuous fields. In the case
of discrete time, Ma et al. (2018) assume piecewise static intervals to
approximate temporal dynamics. GP is often used to model spatiotem-
poral environments in the continuous-time domain. Most approaches
that utilize GPs introduce an additional dimension to represent time,
allowing the time domain to be treated independently of the state-space
domain (Binney et al., 2013; Marchant and Ramos, 2012). Singh et al.
(2010) analyze the effect of correlating time with state space in terms of
a covariance function in GP (i.e., non-separability). They design various
covariance functions that exhibit different combinations of stationarity
and separability. Their empirical findings indicate that nonstationary
separable covariance functions are the most suitable for spatiotemporal
GP models.
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2.2.4 Measurement models

When the environmental monitoring task is data collection—to obtain
sensor measurements or collect samples, the characteristics of mea-
surements or samples represent the environment. While previous work
mostly assume a measurement noise to be Gaussian, Wu and Zhang
(2012) consider an unknown non-Gaussian noise and propose a con-
trol method that only requires the bounded power of noises. Sampling
methods can be either in situ or ex situ. In situ samples are analyzed
online while a robot explores an environment. The robot can adapt its
precomputed plan using online streaming information extracted from
in situ samples. Ex situ samples, however, are studied offline in the lab.
Ex situ sampling requires a robot to plan its trajectory to collect the
most valuable samples while considering its limited load capacity (Das
et al., 2015a; Flaspohler et al., 2018). Lastly, heteroscedastic environ-
ments where noise properties vary in state and action spaces have been
investigated by Martin and Englot (2017).



3
Using Representations to Solve Tasks

Having discussed the representation of the environments, in this section,
we identify and describe three environmental monitoring tasks: learning,
localizing, and monitoring. We then present what specific problems have
been addressed for each task in the literature.

3.1 Learning

Environmental monitoring involves robots exploring the environment to
gather information, either measured by an onboard sensor or physically
collected, to understand a domain of interest. From the local information
collected, global characteristics of the environment must be inferred
through certain model learned from data. Therefore, deciding where to
collect sensor information or samples next is crucial. As such, learning
is an important component for successful environmental monitoring
(refer to the example tasks in Figure 3.1).

3.1.1 Accurate modeling

Learning an environment model is a core challenge to carrying out
downstream tasks, especially when exploring an unknown environment.

17
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(a) A quadcopter learning the crop height
field over a farm using a LIDAR sensor
(reprinted from Suryan and Tokekar, 2020
with permission).

(b) Learning spatial distributions of rock
traits from aerial vehicles using a camera
sensor (reprinted from Chen et al., 2020b
with permission).

Figure 3.1: Example learning tasks.

Various statistical models can be adopted for environment modeling
from noisy observations.

Among statistical models, expectation maximization (EM) is an iter-
ative method to estimate the parameters of an environment model that
depends on latent variables. EM is particularly suitable for underwater
applications where the ocean current cannot be directly measured but
estimated indirectly via other properties, such as position drift. Lee
et al. (2019b) investigate this problem and introduce a Gaussian process-
based EM algorithm for estimating ocean currents for navigation and
planning.

Accurate modeling is often intractable in practice; thus, approximate
state estimation methods have been proposed to simplify intractable
statistics. For example, Jadaliha et al. (2013) address the challenge of
resource-constrained sensors, outputting observations under localization
uncertainty. The analytically intractable posterior predictive statistics
are approximated using Monte Carlo sampling and Laplace’s method.
They analyze the approximation error and complexity (i.e., trade-offs
between the error and complexity of Laplace approximations).

Environment modeling by multi-robot systems has been researched
with tools such as a distributed consensus estimator. Lynch et al. (2008)
propose a decentralized, scalable approach to model the environment
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based on average consensus estimators.

3.1.2 Mapping

An alternative approach to learning about the environment is to explore
and cover an environment (or a partial environment depending on
given constraints). Robots with limited sensing capability gradually
estimate the location, shape, and size of the environment. This process
of incrementally building environment information is known as mapping.
Offline mapping techniques construct a map by utilizing all collected
observations and the entire history of robot states. In contrast, online
mapping techniques continuously update the map based on the latest
observations and the most recent robot states.

3.1.3 Lifelong learning

One of the desired goals for any learning method is to continually learn
new behaviors and refine a model over a long period. Lifelong learning
refers to such capability.

Girdhar and Dudek (2016) propose curiosity modeling for long-
term exploration in aquatic environments, recognizing that much of the
collected data contains uninteresting observations. Their objective is to
achieve lifelong learning behavior in the perception model through topic
modeling, guiding the robot to locations with high topic perplexity to
enhance learning.

3.2 Localizing

Localizing an object of interest from a large-scale environment is
undoubtedly critical in environmental monitoring (refer to the example
tasks in Figure 3.2). Depending on the characteristics of an object, we
categorize localization into search and tracking for dynamic objects and
hotspot identification for stationary objects.

3.2.1 Search and tracking

Common search and tracking methods include Kalman filters, particle
filters, and probability hypothesis density filters (see Section 2.2). For
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(a) An aerial vehicle exploring the environment to
search for the hotspot of a hazardous plume in a
lake (reprinted from Sung, 2019 with permission).

(b) Hotspot search task for harm-
ful algal blooms applied to under-
water vehicles (reprinted from Das
et al., 2010 with permission).

Figure 3.2: Example localizing tasks.

example, Van Nguyen et al. (2019) introduce an algorithm based on the
probability hypothesis density filter to simultaneously detect and track
unknown radio-tagged objects.

Plume tracking searches for and tracks the source of a plume (e.g.,
radioactive dispersal and oil spill). The location, shape, and size of
the plume fluctuate as it is carried along by water currents or air flow.
Neumann et al. (2013) tackle gas source localization using a micro-
UAV and present bio-inspired plume tracking algorithms. Hajieghrary
et al. (2017) frame source seeking in plume tracking as an information-
theoretic search problem, with the goal of determining actions for
multi-robot systems that maximize the change in entropy. Sung and
Tokekar (2019) consider an oil-spill scenario where the shape and size
of the plume are unknown.

Search and rescue is an active research field that may not be directly
related to environmental monitoring. However, algorithms developed
in search and rescue embrace objectives and contributions desirable
for environmental monitoring. For example, localization is also a key
challenge in search and rescue.
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An extensive survey on search and rescue can be found in Quer-
alta et al. (2020). Liu and Nejat (2013) survey search and rescue in
urban applications. Some specific objectives include maximizing search
efficiency under time constraints (Meera et al., 2019), optimal deploy-
ment (Macwan et al., 2011), and minimizing the mean-time-to-find and
maximizing the target finding probability (Meghjani et al., 2016).

Harsh conditions on observing measurements have been researched,
such as Song et al. (2011), Song et al. (2012), and Kim et al. (2014).
Song et al. (2011) study the problem of searching for a stationary target
emitting short-duration signals intermittently under limited sensing
conditions. This scenario can include situations such as locating an
airplane black box or finding an earthquake victim emitting signals
periodically. Song et al. (2012) introduce additional challenges compared
to their previous work, including source anonymity and an unknown
number of sources. To address these challenges, they employ a spa-
tiotemporal probability occupancy grid to model the radio source and
develop a motion planning algorithm to ensure that the robot traverses
high-probability regions. In their subsequent work (Kim et al., 2014),
they extend this approach to multiple robots, with a focus on pairs of
robots.

3.2.2 Hotspot identification

Finding hotspots from the field requires efficient exploration and sam-
pling strategies. Low et al. (2008) propose an adaptive exploration
strategy for a team of robots to simultaneously localize hotspots and
learn map phenomena. Garcıéa-Olaya et al. (2012) focus on spatially
distributed sample collection from hotspots, involving the online calcula-
tion of sample utility. This approach can incorporate science preferences
and evolving knowledge about the feature.

Radio signal mapping is one of the prime applications in environ-
mental monitoring. Online radio signal mapping is crucial for wireless
communication to model radio signal propagation. Its primary objec-
tive is to localize the signal source in an unknown environment. Fink
and Kumar (2010) suggest mapping received radio signal strength in
a Gaussian process using a team of mobile robots. They propose an
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exploration strategy based on the gradient of the predictive variance
and an exploitation strategy based on maximum likelihood estimation.
Atanasov et al. (2015) design distributed algorithms for a team of robots
to localize the source of a noisy signal. They particularly consider two
scenarios: one with an available signal model and another one that is
model-free. Al-Abri et al. (2018) develop a distributed source-seeking
strategy for robotic swarms without requiring gradient estimation or
sharing measurement among robots.

Previous work has researched detecting and localizing a leak, similar
to hotspot identification. Bennetts et al. (2013) focus on methane leak
detection. Their algorithm generates 3D concentration maps using depth
measurements and integral concentration to pinpoint the location of a
leak.

3.3 Monitoring

The goal of monitoring is to observe and track an environment over
time, as opposed to the learning task, which aims to acquire a globally
consistent representation of the environment (refer to the example tasks
in Figure 3.3).

3.3.1 Persistent monitoring

Persistent monitoring seeks a strategy to continuously observe envi-
ronments that frequently change, with the task spanning an indefinite
or prolonged period. This goal is hard to achieve in practice due to
the limited budget (e.g., battery life and time); several methods are
proposed to increase the length of monitoring time. Ding et al. (2019)
take mobile depots into account for recharging persistent robots and
present a method for finding the minimum-cost tour. Plonski et al.
(2017) address the issue of unmanned surface vehicles tracking invasive
fish under unknown obstacles through energy-efficient exploration based
on the solar map, allowing for energy harvesting.

We present several persistent monitoring methods in the literature.
Smith et al. (2011) propose a method for persistent monitoring using
underwater vehicles. Their objectives are to minimize deviation from
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(a) A robotic raft monitoring common carp tagged
with radio transmitters in a lake (reprinted
from Tokekar et al., 2010 with permission).

(b) An aerial vehicle measuring
soil nitrogen levels across a farm
to monitor the health of crops
(reprinted from Tokekar et al.,
2016 with permission).

Figure 3.3: Example monitoring tasks.

the planned path due to ocean currents and maximize the information
value. Smith et al. (2012) investigate persistent monitoring in changing
environments and introduce a controller for multiple robots as a linear
combination of a finite set of basis functions. Palacios-Gasós et al.
(2016) develop a distributed coverage estimation and control scheme for
persistent monitoring.

Multi-robot patrolling is a task for multiple robots to regularly visit
predefined regions of interest. Iocchi et al. (2011) assess the performance
of state-of-the-art patrolling algorithms in practical applications where
the environment exhibits linear, cyclic, and mixed shapes.

The goal of boundary detection is to monitor the boundaries of an
unknown environment for area size estimation. Matveev et al. (2015)
propose a sliding mode control method for monitoring unknown and
time-varying environmental boundaries.
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3.3.2 Information gathering

An information-gathering task allows active monitoring and explo-
ration of an environment by minimizing information-theoretic statistics,
such as entropy and mutual information. Ma et al. (2018) propose
an information-theoretic dynamic data map that captures an envi-
ronment’s temporal properties using Gaussian processes. Corah and
Michael (2018) introduce a distributed sequential greedy assignment
for online exploration and mapping using multi-robot teams. Their
algorithm approximates the sequential greedy algorithm (Singh et al.,
2009) efficiently when dealing with many robots. Bourne et al. (2020)
investigate information-theoretic control for multi-agent systems and
propose an efficient method for computing mutual information using
dynamic programming and multi-threading techniques. We present more
details regarding information gathering in Section 4.1.2.



4
Decision-Theoretic Optimization to Solve Tasks

Given an environmental monitoring task, a robotic researcher should
determine an appropriate representation of the environment, formulate
a desirable objective function, and develop algorithms to achieve the
task. We discussed various environment representation candidates in
Section 2.1. Most environmental monitoring tasks are, in fact, decision-
making problems as a robot must make a number of local or global
decisions. Decisions can be made offline before the process starts, or
online as the robot obtains new information during the process. Re-
searchers design algorithms to determine decision variables in a proposed
objective function, in order to exactly or approximately maximize a
task utility.

In particular, we consider decision-making problems from a 5W1H
perspective: (1) where to take measurements from; (2) which tasks to
be assigned; (3) what samples to collect; (4) when to collect samples;
(5) how to learn environment; and (6) who to communicate. We intro-
duce detailed decision-theoretic approaches in the literature based on
this 5W1H perspective and present how these approaches have been
employed in existing studies.

25
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4.1 Where to Take Measurements from

To learn an underlying phenomenon of a given environment, robots
must collect measurements (i.e., sampling) from the environment while
adhering to time or energy constraints. The problem of where to take
measurements from the environment can thus be considered as a path
planning problem, associated with discrete sampling events along the
robot path.

Among many variants of path planning problems in the literature,
we focus on the following ones: (1) shortest path exploration; (2) infor-
mation gathering; (3) reward collecting; (4) online and offline coverage
planning; and (5) deployment for multi-robot systems.

4.1.1 Shortest path exploration

For environmental monitoring, one of the desired objectives is to find a
minimum length path while visiting all sampling locations under certain
constraints, such as collision avoidance and limited sensing capability.
This problem can be generally formulated as:

arg min
p

L(p),

s.t. gi(p) ≥ 0, ∀ i,

hj(p) = 0, ∀ j,

where p denotes a robot path, L is a scalar function to quantify path
length, the inequality constraints gi ensure collision avoidance and/or
limited sensing capability, and the equality constraints hj guarantee
that the robot visits all the sampling locations of interest. The solution
of this optimization naturally results in a minimum time tour or a
minimum energy tour as the objective is a function of a path length.

When sampling locations are represented as a set of points, traveling
salesman problem (TSP) (Applegate et al., 2006) can be employed to
find a shortest path that visits every sampling location exactly once
for monitoring. As TSP is NP-hard (Applegate et al., 2006), finding an
optimal solution is challenging, but many approximate algorithms can
find a reasonable solution. TSP with neighborhoods (Dumitrescu and
Mitchell, 2003; Tokekar et al., 2016; Faigl and Hollinger, 2017) allows



28 Decision-Theoretic Optimization to Solve Tasks

each sampling location to have a certain area instead of a point, assuming
that values near a sampling location are similar. Visiting any point in
an area implies that the corresponding sampling location is monitored;
this implication relaxes the requirement of visiting a sampling location
precisely. TSP with neighborhoods finds approximate solutions for the
case when objective areas can be either overlapped or non-overlapped.
Generalized TSP (Noon and Bean, 1993; Yu et al., 2019) is another
variant of TSP where the task is given by clusters of sampling locations.
One method of obtaining a cluster of sampling locations is to sample
continuous locations. The goal is to find a minimum length path that
visits exactly one sampling location from each cluster. Faigl et al. (2019)
recently propose heuristics for approximate solutions to the generalized
TSP with neighborhoods where the objective is to visit multiple target
locations in 3D environments.

A major limitation of TSP-based data collection introduced above
is that all sampling locations are assumed to be stationary and known.
Some previous methods were proposed for moving nodes in a TSP
graph (Smith et al., 2009; Hammar and Nilsson, 1999; Helvig et al., 2003)
but had limited settings, e.g., all nodes moving with the same speed
and direction. Most of them did not hold for an unknown and varying
number of sampling locations. To address such challenges, stochastic
variants of TSP have been proposed, such as stochastic radius of nodes
for TSP with neighborhoods (Kamousi and Suri, 2013), stochastic node
locations (Citovsky et al., 2017), and stochastic occurrence of visiting a
node (Pavone et al., 2009).

The above TSP-related research either assumes that the robot
sensing ability is short-sighted or does not consider sensing distance.
Some approaches still have a restricted assumption that the robot
can observe any points in the environment as long as no obstacles
exist between them, effectively giving it a 360◦ and unlimited sensing
range, but exhibit desirable algorithmic guarantees in the spirit of
computational geometry. We introduce recent approaches that alleviate
these sensing range restrictions.

The art gallery problem (O’rourke, 1987) addresses the static sensor
placement challenge. The objective is to identify the smallest set of
sensing locations in a given environment, ensuring that every point
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within the environment is visible from at least one selected sensing
location. Arain et al. (2015) introduce fan-shaped sensing regions using
convex relaxation, allowing for overlapping field-of-view regions from
multiple sensing locations. Once a set of sensing locations is determined,
they employ a TSP solver to find a sequence of sites as a robot trajectory,
commonly used in the art gallery problem for robotic applications.

In contrast to the art gallery problem that does not involve sensor
mobility, its special variant, watchman route problem (Chin and Ntafos,
1986), is applicable to the mobile robotics domain. Tokekar and Kumar
(2015) propose an optimal algorithm and a constant factor approx-
imation to observe a set of target points using multi-robot systems
equipped with an omnidirectional camera of unlimited sensing range.
The same visibility restrictions are considered in Zhang et al. (2019)
to address the problem of maximizing the visibility of a robot in the
presence of an adversarial target. Previous methods relax the visibility
conditions by restricting a sensing distance to d: (1) d-watchman route
problem (Tan and Hirata, 2003) where only the polygonal boundary of
the environment is observed, and (2) d-sweeper route problem (Ntafos,
1992) where a circular robot of radius d sweeps the environment. A
multi-robot version with d-visibility is studied in Faigl (2010).

Among motion planning algorithms, roadmap methods developed
for path planning (e.g., probabilistic roadmap method; Kavraki et al.,
1996) have been adopted for environmental monitoring. A set of nodes
is randomly generated from the configuration space of a robot to deter-
mine whether the robot is in the free space. Graph search techniques
are used to find feasible paths from a start configuration to a goal con-
figuration and choose the shortest path among the found paths. Mishra
et al. (2016) improve the scalability of the roadmap-based approach
in handling battery constraints. In motion planning, various decompo-
sition techniques besides roadmap planning have been proposed and
adapted to environmental monitoring, such as boustrophedon cell de-
composition (Strimel and Veloso, 2014) and Morse decomposition (Acar
and Choset, 2002). For a more detailed survey on motion planning
algorithms, see Galceran and Carreras (2013).
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4.1.2 Information maximization

Information gain is frequently used to determine where to take mea-
surements in environmental monitoring. The problem of maximizing
information gain for a robot can be phrased as max F (p), where p repre-
sents a path, and F is a scalar function that quantifies the information
collected along the path. This concept is known as informative path
planning (IPP).

An exploration process has been interpreted as a task of reducing the
uncertainty within the environment (e.g., uncertain knowledge about
occupancy). The uncertainty is represented by fundamental quantities in
information theory, such as entropy and mutual information. When an
entropy value is assigned to each point in the environment, a higher value
implies more uncertainty in the accessibility of the point (Bhattacharya
et al., 2014). On the other hand, mutual information evaluates the
(expected) information gain of unsensed locations with respect to a
specific configuration of robots (Bai et al., 2016). The goal of IPP is to
generate paths for robots by actively sensing environmental phenomena,
either by minimizing entropy or maximizing mutual information.

Krause et al. (2008b) propose a simple greedy algorithm that sequen-
tially chooses sensing locations to maximize the mutual information,
providing a formal guarantee of near-optimal performance by exploiting
the submodularity (Nemhauser et al., 1978). The notion of submodu-
larity has been exploited often in this line of research. A set function
F : 2V → R, where V denotes a set of sampling locations, is submodular
if it satisfies: F (A ∪ x) − F (A) ≥ F (B ∪ x) − F (B), where A ⊆ B and
x ̸∈ A, B. If a chosen utility function for an environmental monitoring
task follows a submodular set function F and satisfies monotonicity,
Nemhauser et al. (1978) shows that a simple sequential greedy algorithm
can identify a near-optimal set of sampling locations, satisfying that
F (Agreedy) ≥ (1 − 1/ϵ)F (Aopt).

Krause et al. (2008b) have also proposed several variations to study
different aspects of the general submodular maximization problem.
To overcome non-adaptability, Golovin and Krause (2011) design a
greedy algorithm for adaptive submodular maximization, allowing policy
adjustments based on currently available information. They also develop
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an exploration-exploitation framework for nonmyopic active learning of
the Gaussian process. The theoretical bound depends on the difference
between active learning and a priori design strategies (Krause and
Guestrin, 2007). Exploration aims to reduce the uncertainty about
model parameters, while exploitation involves identifying a near-optimal
sampling policy. In their subsequent work, Krause et al. (2008a) focus
on minimizing the maximum posterior variance in Gaussian process
regression for outbreak detection, demonstrating the robustness of their
algorithm and showcasing its efficient performance with approximation
guarantees. Calinescu et al. (2011) investigate monotone submodular
maximization under matroid constraints.

Additional practical challenges have also been studied in the IPP
problem. Binney et al. (2013) consider time-varying fields and edge-
based samples, allowing the robot to collect samples while moving
from one node in the search graph to another. Atanasov et al. (2014)
design a non-myopic IPP algorithm that incorporates sensor dynamics,
demonstrating suboptimality based on concavity. Saulnier et al. (2020)
propose an active exploration algorithm based on truncated signed
distance fields. They optimize a sensor trajectory using a deterministic
tree search to evaluate information gain and employ branch-and-bound
pruning for an efficient search.

Similar to the motivation in adaptive submodular maximization
in Golovin and Krause (2011), previous work has researched online IPP
that modifies the current plan adaptively as new information is obtained.
Ma et al. (2018) propose a planning and learning algorithm for persistent
monitoring tasks. Their method plans a trajectory that maximizes
mutual information while learning a Gaussian process-based datamap
to model a spatiotemporal field and tuning hyperparameters online.
Popović et al. (2020) study the monitoring objective of mapping discrete
and continuous variables on the terrain within the IPP framework.
They also concentrate on strategies to adapt plans online for different
scenarios. Schmid et al. (2020) introduce an optimal motion planning-
driven IPP algorithm to address the suboptimality often associated
with sampling-based methods.

Multi-robot systems have also been investigated for more efficient
IPP solutions. Cao et al. (2013) develop an active sensing IPP algo-
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rithm for multiple robots based on entropy and mutual information
criteria. They prove guarantees on the trade-offs between active sensing
performance and time efficiency. Corah and Michael (2018) extend
the previous sequential greedy algorithm that works only for a sin-
gle robot to multiple robots and provide a near-optimality guarantee
for the multi-robot version. Nguyen et al. (2016) propose a resource-
constrained adaptive sampling strategy for a team of mobile robots.
Based on conditional entropy, their method comes with a theoretical
guarantee regarding both upper and lower bounds for the solution. Low
et al. (2008) present an adaptive model-based exploration method that
plans non-myopic multi-robot paths by minimizing the expected sum
of posterior variances over all locations. Minimum makespan, minimum
number of measurement locations, and minimum total time multi-robot
path planning using Gaussian process regression have been studied
in Suryan and Tokekar (2020). Additional challenges have also been
considered within the scope of multi-robot IPP, such as uncertainty of
a hidden state over unknown horizon (Kantaros et al., 2021), a phe-
nomenon of interest not being able to be observed directly (Malencia
et al., 2022), adversarial environments (Schlotfeldt et al., 2021), unreli-
able communication among robots (Woosley et al., 2020), and limited
communication ranges among robots and control uncertainty (Dutta
et al., 2021).

The multi-objective problem in information maximization has been
studied by Gautam et al. (2017) that minimizes the path length while
maximizing the information gain for budgeted exploration. They use
evolutionary algorithms to solve this Pareto optimization. Meera et al.
(2019) propose the problem of maximizing the information gain and
minimizing the collision cost.

Ergodic theory regards time-averaged behavior along the trajectory
of a dynamical system with respect to the space of all possible states of
the system (Miller et al., 2015). Ergodicity can be used as another infor-
mation metric for environmental monitoring where a robot distributes
the allotted time to regions proportional to the expected information
gain in those regions. Ergodicity can also address both exploration
and exploitation for coverage using the expected information density.
Ergodicity, in contrast to other information metrics, naturally encour-
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ages spending more time exploring nearby regions with high expected
information rather than solely visiting the region with the highest in-
formation. Previous work has shown the effectiveness of ergodicity in
terms of active sensing, including trajectory optimization of ergodic
exploration for nonlinear and deterministic control systems (Miller et al.,
2015), receding-horizon ergodic exploration for both coverage and target
localization (Mavrommati et al., 2017), and ergodic exploration for
multi-robot systems (Abraham and Murphey, 2018).

4.1.3 Reward maximization

When collecting a sample is associated with a reward, environmental
monitoring can be addressed as a reward maximization problem. The
goal is to find a trajectory that maximizes the rewards from collected
samples while satisfying constraints, such as a limited energy budget, if
it exists. The general form of reward maximization is represented as
follows:

arg max
p

R(p),

s.t. L(p) ≤ B,

where p represents a robot path, R is a scalar function that measures
the rewards, L is a scalar function that quantifies the path length, and
B denotes a given budget. Additional objectives studied in reward
maximization include maximizing a robot lifetime (Jadaliha and Choi,
2013) and reducing resource usage (Parker et al., 2013).

Reward maximization has been studied in computational geometry.
Prize collecting traveling salesman problem (Balas, 1989) finds a subset
of cities to visit such that travel costs and net penalties–getting a
prize when visiting a city and a penalty when failing to visit a city–are
minimized.

Reward maximization can be interpreted as cost minimization from
the control theory perspective. An optimization-based approach has been
studied to minimize certain cost functions for optimal data collection.
Leonard et al. (2007) present a data collection scheme to compute
optimal multi-robot paths by minimizing the error in a model estimate
of the sampled field.



34 Decision-Theoretic Optimization to Solve Tasks

Another variant is the orienteering problem, where the goal is to
maximize the reward collected until a given budget (e.g., time or fuel)
is exhausted. Chekuri and Pal (2005) propose a first recursive greedy
algorithm for the orienteering problem, where the objective function
is a submodular set function. They prove that their algorithm runs
in quasi-polynomial time and provides an approximation guarantee of
O(log OPT), where OPT denotes the optimal value for a given problem.
Various methods in the robotics community are built upon the results of
this recursive greedy algorithm to develop submodular orienteering algo-
rithms, such as Binney et al. (2013). The previous work mostly consider
the reward function of a sampling location to be independent of rewards
in other locations. Yu et al. (2016) propose a correlated orienteering
problem where a quadratic utility function is considered to capture a
spatial correlation. Other practical challenges have been addressed in
the orienteering problem, such as orienteering with neighborhoods (Faigl
et al., 2016), service time dependant rewards (Mansfield et al., 2021),
uncertain rewards (Liu et al., 2021), unknown rewards (Wilde et al.,
2021), and uncertain environment model (Peltzer et al., 2022).

Another problem, closely related to the orienteering problem, is the
optimal tourist problem. Compared to the orienteering problem, the
optimal tourist problem treats the reward function as a function of the
time spent at the sampling location. Yu et al. (2015) investigate the
optimal tourist problem based on two complementary problems. The first
problem solves the same objective as in the orienteering problem, and
the second problem minimizes the time for gathering a predetermined
reward amount.

Multi-armed bandit (MAB) regards the problem of finding an arm
associated with an unknown black-box function out of a fixed number of
arms to maximize the expected gain (or reward) when a finite number
of arm evaluations is allowed. MAB naturally addresses the exploration
versus exploitation dilemma. To design algorithms with useful theoret-
ical bounds in MAB, the concept of regret is created to measure the
expected gap of the collected rewards between the optimal strategy and
a designed algorithm. The upper confidence bound (UCB) algorithm
is a well-known algorithm that gives a theoretical upper bound on
regret, owing to the principle of optimism in the face of uncertainty.
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One can choose where to evaluate the black-box function next according
to UCB. Reverdy et al. (2014) propose MAB with transition costs and
on graphs appropriate for robotics applications. Landgren et al. (2016)
examine distributed MAB for cooperative decision-making based on the
consensus algorithm. However, in this setting, the black-box function of
one arm is independent of that of neighboring arms.

Among various approaches to solving MAB, Bayesian optimization is
often used for robotics environmental monitoring as it considers spatial
correlation between arms. Bayesian optimization adopts a sequential
sensor placement strategy for global optimization of unknown black-box
functions, used for Bayesian experimental design and active learning.
Bayesian optimization version of the UCB algorithm is proposed by
Srinivas et al. (2010). They use the Gaussian process (GP) to model the
correlation of the environment, called GP-UCB. The acquisition function
(i.e., surrogate objective function) to determine which location to sample
next follows this functional form: µ(x) + κσ(x), where µ(x) and σ(x)
are the mean and the standard deviation at location x, respectively.
The weight parameter κ balances the trade-off between exploration
and exploitation. The next sampling location x can be determined by
maximizing the acquisition function.

Marchant and Ramos (2012) also incorporate the GP in Bayesian
optimization for robotics environmental monitoring. They design a new
acquisition function, called distance-based UCB, to reduce the total
travel distance. The adaptive sampling strategy proposed by Tan et al.
(2018) is based on cross-entropy trajectory optimization, where the
objective is the same as GP-UCB. When unmanned aerial vehicles
are considered, the multi-fidelity GP-UCB (Kandasamy et al., 2019)
explores different fidelity levels of sample values observed at various
altitudes of the robot (Wei et al., 2020; Sung et al., 2021).

In some cases, the monitoring task would not necessarily be aimed
to find maximum value points in an environment, but to find regions
where values of points in regions are above a predefined threshold value.
The estimation of those regions is referred to level set estimation (LSE).
Gotovos et al. (2013) employ GP to model the underlying function and
form LSE as a sequential decision problem, which is inherently similar to
GP-UCB (Srinivas et al., 2010). They also present two extensions to LSE
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where the first extension considers the threshold level implicitly defined
as a function of the maximum value, and the second one gathers a batch
of samples. Hitz et al. (2014) explores the path planning aspect for the
LSE algorithm to monitor temporal and spatial dynamics of harmful
cyanobacterial blooms in lakes. They leverage dynamic programming
to develop a receding horizon path planner for LSE.

In sequential decision-making, Markov decision process (MDP) com-
putes an optimal policy for a robot when the transition model and
reward model are known. If the state of the target function is not fully
observable, a belief can be used to represent the state, i.e., partially
observable MDP (POMDP). Marchant et al. (2014) formulate sequential
Bayesian optimization as POMDP. They apply Monte-Carlo tree search
(MCTS) and UCB to trees to handle continuous state and observation
spaces for spatial-temporal monitoring. Morere et al. (2017) redefine
the reward function as a trade-off between exploration and exploitation
of gradients in the form of Bayesian optimization POMDP. They em-
ploy GP and MCTS to allow continuous non-myopic planning. Because
MCTS is limited to discrete actions, in their subsequent work (Morere
et al., 2018), they propose dynamically sampling promising actions
based on MCTS to achieve continuous action spaces. This approach is
incorporated by kernel-based trajectory generation from the theory of
reproducing kernel Hilbert spaces, yielding the properties of smooth-
ness and differentiability. Flaspohler et al. (2019) propose a POMDP
algorithm to localize and collect globally maximal samples from un-
known and partially observable continuous environments. Lauri et al.
(2020a) study multi-agent active information gathering by policy graph
improvement in a POMDP setting.

4.1.4 Offline/online coverage planning

Robotic coverage is often used to observe all points at least once in
environmental monitoring. In most cases, a finite field-of-view (FOV)
of the sensor and deterministic sample values are considered with a
focus on designing a robot trajectory that covers the entire environment
in minimum time. That is, arg minp L(p) s.t. C(p) = True, where p

represents a path, L is a scalar function that measures the path length,
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and C is a Boolean function that returns True if the environment is
fully covered by the trajectory of the robot FOV, or False otherwise.
Previous work has analyzed the algorithmic aspect of their proposed
algorithms, such as completeness and competitiveness. Coverage planning
can be categorized depending on whether the information (e.g., size
and shape) of an environment is a priori (i.e., offline exploration) or
obtained on the fly (i.e., online exploration).

In offline exploration, the size and shape of the environment as well
as the size of the FOV of the sensor are given. If a designed algorithm is
an approximation algorithm, approximation ratio is usually investigated,
i.e., the performance ratio between the approximation algorithm and
optimal solution. When the sensor has a symmetrical 2D FOV, such
as circular FOV, Boustrophedon cellular decomposition (Choset, 2000),
also known as lawn mowing (Bormann et al., 2018), finds a complete
coverage path. Strimel and Veloso (2014) propose complete battery-
constrained sweep planning for a single robot, which is an extension
to a general boustrophedon decomposition. This method requires an
assumption that a single battery and recharging station exist to allow a
robot to completely cover the environment. Wei and Isler (2018) revisit
a similar problem where the robot is allowed to charge at the recharging
station, but their objective is to minimize the number of paths (i.e.,
the new path starts after recharging) and then to minimize the path
length as the second objective. Their approach is based on the traveling
salesman problem over the grid map. They show the approximation
ratios of 4 and 8 for minimizing the number of paths and the path
length, respectively, for contour-connected environments. For arbitrary
environments, they prove 4(2r + 4) and 8(2r + 4)–approximation ratios,
where r is the number of reflex nodes. Hameed (2014) develops an energy-
efficient coverage algorithm in 3D that considers terrain inclinations
and determines the optimal driving direction by minimizing the total
energy consumption using a genetic algorithm.

In the case of multi-robot exploration, optimizing the number of
robots or the amount of energy required is proven to be NP-hard (Fraig-
niaud et al., 2006). Mishra et al. (2016) study battery-constrained
coverage for multiple robots based on the roadmap approach. They
consider the heterogeneous behavior among robots including worker and
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helper robots. Their algorithm computes how long robots can explore
before recharging without having to set the battery threshold explicitly.
Karapetyan et al. (2018) propose heuristic algorithms for multi-Dubins
vehicles to evenly distribute workloads among robots. Agarwal and
Akella (2020) design a heuristic-based approximation algorithm for
multiple robots for line coverage, where the robots must visit all points
of linear environment features such as road networks and power lines.
The continuous 2D polygonal environment has been studied by Farias
and Kallmann (2020), where they propose multi-robot navigation from
source to sink by computing the continuous maximum flow.

For online exploration, no prior information about an environment
is available, and therefore, a robot needs to adapt its plan as new infor-
mation is received on the fly. Some algorithms are incomplete, i.e., not
guaranteeing complete coverage. Sim and Little (2009) propose vision-
based exploration strategies in combination with SLAM and utilize
a hybrid map for both localization and safe navigation. Cesare et al.
(2015) study frontier-based exploration for multiple UAVs under limited
communication and battery constraints. They introduce heterogeneous
behavior for efficient planning, allowing robots to switch between four
states (i.e., explore, meet, sacrifice, and relay). Hassan and Liu (2019)
consider a scenario where unexpected changes occur, such as the sudden
appearance of stationary or dynamic obstacles in an environment.

When a given problem is NP-hard in online setting, competitiveness
is a useful algorithmic guarantee that measures a theoretical gap from
the unknown optimal solution. The competitive ratio is the worst-case
ratio between the performances of a proposed online algorithm and the
optimal offline algorithm. Previous work proposed complete algorithms
but without a competitive guarantee. Bender et al. (2002) address the
problem of exploring and mapping an unknown environment when node
labels are not given. They introduce the concept of a pebble to iden-
tify a node label. While their approach is designed for a single robot,
they prove that only one pebble is sufficient if an upper bound on the
number of nodes (denoted by n) is known, or Θ(log log n) pebbles are
both necessary and sufficient otherwise. Das et al. (2007) propose a
strategy to construct a labeled map by initially dispersing robots in two
stages: first, robots explore and mark nodes, and second, they share
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information to combine the partial maps. Their analysis relies on the
assumption that the graph size is co-prime with the number of robots,
resulting in a deterministic solution regardless of the graph’s structure.
Jensen and Gini (2019) investigate different communication models,
ranging from global communication to no direct communication, and
evaluate the proposed algorithms empirically. The problem proposed
by Oßwald et al. (2016) does not involve exploring a completely un-
known environment. Instead, they work with a topo-metric map that
provides background information given by the user. They propose a
faster exploration strategy based on TSP by leveraging this information.
Lee et al. (2016) design distributed exploration algorithms for multiple
robots based on triangulating an unknown environment. They address
two related problems: minimizing the number of robots to cover the
entire environment when the number of available robots is not bounded
a priori, and maximizing the covered area when the number of available
robots is fixed. They show that the competitive ratio for the former
problem is 3, while the latter does not have a competitive ratio. They
also provide performance guarantees for the coverage of the environ-
ment by exploiting the dual graph of the triangulation with respect to
the original geometric space. Umari and Mukhopadhyay (2017) study
unknown environment exploration based on multiple rapidly-exploring
randomized trees. They construct local and global trees for efficient
frontier detection.

We present a list of competitive algorithms for multi-robot online
exploration. Usually, a tree structure, i.e., tree exploration, is used to
analyze the competitiveness. The competitive ratio differs depending
on the definition of cost (e.g., the maximal time or the maximal energy
taken to explore the environment) and the sensing model (e.g., one
can observe up to (1) incident edges from the current node and (2)
neighboring nodes). For communication among robots, two models are
typically assumed: global communication, allowing robots to exchange
information at any time, and local communication, enabling information
exchange when robots are on the same node simultaneously (Das et
al., 2015b). Another popular communication model is to introduce
bookkeeping devices that can write and read information on visited
nodes. Let n be the number of robots. Fraigniaud et al. (2006) call this
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write-read communication and propose a O( n
log n)–competitive algorithm

that minimizes the exploration time with the sensing model (1). They
also prove the lower bound of 2 − 1/n. Brass et al. (2011) also use
the same sensing model and improve the competitive ratio to 2e/n +
O((n+r)n−1), where e and r denote the number of edges and the radius,
respectively. Dynia et al. (2007) improve the lower bound to Ω( log n

log log n).
They also propose a 4 − 2/n–competitive algorithm when the cost is
the maximal energy of a robot. Higashikawa et al. (2014) develop a
n+⌊log n⌋
1+⌊log n⌋ –competitive algorithm of multi-robot exploration for a static
plume when the time cost is considered under the local communication.
This competitive ratio is extended by Sung and Tokekar (2019) for a
translating plume to 2(sr+sp)(n+⌊log n⌋)

(sr−sp)(1+⌊log n⌋) , where sr and sp are the speed of
the robot and that of the plume, and to 2(sr+sp)(18n+⌊log n⌋)

(sr−sp)(1+⌊log n⌋) if the plume
shape is not restricted to grid cells but an arbitrary shape. Preshant et al.
(2016) study the environment that is an orthogonal polygon, proposing
the competitive ratio of 2(

√
2n+log n)

1+log n . Megow et al. (2012) analyze the
competitive ratio for any general graphs with arbitrary weights using
the DFS. They also study the cases of general graphs with bounded
genus. Das et al. (2015b) address the problem of minimizing the team
size, given limited energy, that can explore an unknown environment.
Denoting the amount of energy as well as the maximum possible tree
height by B, they show a O(log B)–competitive algorithm. Mahadev
et al. (2017) develop a O(log D/ log log D)–competitive algorithm in
1 dimension, given an unknown distance D, for MR imaging while
considering two different and independent costs for moving and for
measuring. Shnaps and Rimon (2016) study battery-constrained sweep
planning. The robot starts from the recharging station, returns when
the battery level is low, and continues the coverage task after recharging.
They propose (L/S)–competitive algorithm for a mobile robot, where
S is the size of the robot and L is the path length that the robot can
move with a full battery charge. They also analyze the competitive
ratio for online tethered coverage where a robot of size D is tethered at
a fixed point by a cable of length L (Shnaps and Rimon, 2014). They
prove upper and lower bounds on the competitive ratio. For the sake
of the complete survey, we summarize the competitiveness of various
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problems and algorithms in Table 4.1.4.
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Lee et al. (2016)

Minimizing the number of robots for covering all of 3the region
Maximizing the covered area with a fixed number of Not providedrobots

Plonski et al. (2017)
Navigation around an unknown obstacle O(1)
Energy-efficient exploration of the solar map of the O(log c)environment

Fraigniaud et al. (2006) Minimizing the time of multi-robot tree exploration O( n
log n)

LB: 2 − 1/n

Brass et al. (2011) Minimizing the time of multi-robot tree exploration 2e/n + O((n + r)n−1)
LB: max(2e/n, 2r)

Dynia et al. (2007)
Minimizing the time of multi-robot tree exploration Ω( log n

log log n)
Minimizing the energy of multi-robot tree exploration UB: 4 − 2/n

Higashikawa et al. (2014) Minimizing the time of multi-robot tree exploration UB: n+⌊log n⌋
1+⌊log n⌋

LB: ⌈ n
1+⌊log n⌋⌉ − ϵ

Sung and Tokekar (2019)

Minimizing the time of multi-robot tree exploration UB:
of a translating plume 2(sr+sp)(n+⌊log n⌋)

(sr−sp)(1+⌊log n⌋)
Minimizing the time of multi-robot tree exploration of UB:
a translating arbitrarily-shaped plume 2(sr+sp)(18n+⌊log n⌋)

(sr−sp)(1+⌊log n⌋)

Preshant et al. (2016)
Maximizing the coverage area where the envionment UB: 2(

√
2n+log n)

1+log n
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is an orthogonal polygon

Megow et al. (2012)

Minimizing the time of multi-robot exploration of UB: 2(2 + ϵ)(1 + 2/ϵ)general graphs with arbitrary weights
Minimizing the time of multi-robot exploration of UB:
general graphs with bounded genus 2(2 + ϵ)(1 + 2/ϵ)(1 + 2g)

Das et al. (2015b)
Minimizing the team size of multi-robot tree O(log B)
exploration given a limited energy Ω(log B)

Mahadev et al. (2017)
Minimizing the moving and measuring costs of O(log D/ log log D)multi-robot exploration in 1 dimension

Shnaps and Rimon (2016)
Minimizing the time of a single-robot battery- UB: L/S

constrained coverage when recharging is allowed LB: log (L/4S)

Shnaps and Rimon (2014)
Maximizing the coverage area using a robot of size D UB: 2(L/D)
when tethered at a fixed point by a cable of length L LB: log (L/D)

Gul et al. (2022)
Watchman route problem where there is a convex UB: 89.83polygonal obstacle

Icking et al. (2005) Online milling problem UB: 4
3

Kolenderska et al. (2009) Online milling problem UB: 5
4

Table 4.1: Online exploration algorithms with the proposed competitive ratio (CR). n is the number of robots; c is the number
of critical points to observe; e is the number of edges; r is the radius; sr and sp are the speed of the robot and that of the plume;
g implies that graphs of genus at most g; B denotes the amount of energy as well as the maximum possible tree height; D is an
unknown distance; S is the size of the robot; L is the path length that the robot can move with a full battery charge; and ϵ is a
nonnegative value. UB and LB stand for the upper bound and the lower bound, respectively.
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Another perspective to approach the coverage problem is whether
the robot is constrained to move only within the boundary of the
environment, or allowed to move outside the boundary. The former is
milling, and the latter is lawn mowing. In milling, Arkin et al. (2000)
present 2.5–approximation algorithm for offline milling with a single
robot. Arya et al. (2001) develop an approximation algorithm for offline
milling for multiple robots. Icking et al. (2000) propose a strategy
that yields a competitive tour for online milling of an polygon which
may contain holes with a single robot. Icking et al. (2005) present a
4
3–competitive algorithm for online milling of polygons without holes.
Kolenderska et al. (2009) improve upon this to give an online milling
algorithm with a competitive ratio of 5

4 . In lawn mowing, Arkin et
al. (2000) present (3 + ϵ)–approximation algorithm for offline lawn
mowing with a single robot. Reggente and Lilienthal (2010) build
three-dimensional gas distribution maps from gas sensor and wind
measurements obtained with a mobile robot.

Next-best-view (NBV) planning is online planning to reconstruct
a 3D environment, without assuming a prior model of the environ-
ment (Bircher et al., 2018), which has been extensively studied for 3D
object reconstruction (Vasquez-Gomez et al., 2017). Although NBV
planning is not precisely coverage planning, it often covers the environ-
ment as much as possible in pursuing better 3D reconstruction. Every
time a robot receives a new scan, the robot evaluates a set of candidate
viewpoints based on the sensor specification and the utility of each view-
point. Once one of the viewpoints is chosen, the robot navigates to the
designated viewpoint to obtain a new scan which will be incrementally
registered to the previous scans. Vidal et al. (2018) propose quadtree-
based map representation for efficient NBV planning. Subsequently, they
develop an NBV planning algorithm for exploration of complex under-
water environments (Palomeras et al., 2019). Meng et al. (2017) design a
two-stage NBV planning algorithm based on heuristic information gain
in an unknown 3D environment. The two-stage algorithm consists of
frontier-based boundary coverage and a pathfinder using a TSP solver.
Their algorithm aims at both the exploration and reconstruction of
3-D unknown environments. Most NBV planning copes with a single-
object scene; Heng et al. (2015) propose an efficient planning algorithm
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achieving two objectives of exploration and coverage for multi-object
scenes. Best et al. (2018) address multi-robot path planning to observe
a set of continuous viewpoint regions maximally. Their polynomial-time
algorithm jointly finds the nodes and their sequence and allocates them
to robots. Lauri et al. (2020b) formulate multi-sensor NBV planning as
matroid-constrained submodular maximization. Dharmadhikari et al.
(2021) form a game between the environment and the robot such that the
environment provides unknown future challenges, and the robot finds
the best policy (i.e., exploration and visual search) without knowing
which challenge it will face.

The distinction between offline and online contexts is crucial in
planning algorithms that utilize Gaussian process regression. This dis-
tinction is based on the availability of the Gaussian process’s covariance
function. Offline planning is suitable when the covariance function is
known a priori, enabling exploration and planning optimization using
the locations of future measurements. In contrast, online planning be-
comes crucial when the covariance function is unknown. The covariance
function can be determined from actual sampling while adaptively com-
puting a path. For further details on Gaussian process-based algorithms
for environmental monitoring, refer to Section 2.1.

4.1.5 Deployment

To determine how to cooperatively distribute measurements for multi-
ple robots, deployment algorithms have been developed to efficiently
generate trajectories of robots. Among various deployment methods,
Voronoi-based coverage has drawn particular attention as it exhibits de-
sirable behaviors for multiple robots such that algorithms are adaptive,
distributed, asynchronous, and provably correct. Voronoi-based coverage
is built upon Voronoi diagram where the environment is equidistantly
partitioned into closest pairs of robots. Voronoi-based coverage is firstly
proposed by Cortes et al. (2004), called Lloyd’s algorithm, where the
goal is to find an optimal sensor allocation of the environment of inter-
est. Their method assumes a known probability density function that
represents the likelihood of a specific event occurring within a convex
polytope. Following the Voronoi diagram principle, this allocation can
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be achieved by partitioning the domain such that each robot is assigned
to one partition. Bhattacharya et al. (2014) generalize the discrete-time
Lloyd’s algorithm proposed by Cortes et al. (2004) to handle a non-
convex environment in non-Euclidean space due to obstacles. They prove
the stability of their control law for coverage on Riemannian manifolds
with boundaries. Elwin et al. (2019) propose a distributed algorithm
based on a finite element method that accounts for the spatial correla-
tion between measurements and estimation locations. Their main focus
is to reduce the memory consumption and communication requirements
of robots by incorporating the spatial correlation. However, optimally
learning and covering a spatial field simultaneously remains an open
problem, as addressed by Santos et al. (2021). Additional challenges in
Voronoi-based coverage have also been addressed, including connectivity
constraints in communication among robots (Luo and Sycara, 2019)
and energy constraints (Jensen-Nau et al., 2020).

Unlike Lloyd’s algorithm that assumes a known distribution density
function, Le Ny and Pappas (2012) consider that the event location
distribution is a priori unknown and could only be progressively inferred
from the observation of the actual event occurrences using distributed
stochastic gradient algorithms. Zuo et al. (2017) address the unknown
density function in coverage control by developing an adaptive spatial
estimation algorithm, integrating a consensus mechanism for efficiency,
and proposing a distributed strategy to optimally position sensors.
Schwager et al. (2009) introduce a decentralized, adaptive control law for
mobile robots that use sensor data and a consensus algorithm, validated
through Lyapunov-type proofs and simulations. Carron et al. (2015)
present a method where agents simultaneously estimate and optimally
cover a region using centroidal Voronoi partitions within a Bayesian
regression framework, without a previously known sensory function.
Similarly, Benevento et al. (2020) employ Bayesian Optimization with
Gaussian Processes to simultaneously estimate and optimize coverage
of an initially unknown spatial scalar field. A detailed survey can be
seen in Paley and Wolek (2020).
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4.1.6 Risk-averse planning

When monitoring hazardous environments, safe planning for robots is
desirable to avoid risky situations, such as collisions with obstacles,
while still achieving the task goal. This problem can be framed as a
constraint feasibility problem with the objective of finding a feasible
path from start to goal while adhering to specific risk-related constraints
to ensure safety. Depending on how these constraints are interpreted,
various mathematical optimization approaches can be developed.

Although worst-case scenarios have been analyzed in robust opti-
mization and formal verification, they often results in a conservative
plan. In contrast, various risk measures have been proposed, such as
value at risk (Jorion, 2007) and conditional value-at-risk (Rockafellar,
Uryasev, et al., 2000), for stochastic risk management. Here, we present
existing work specific to environmental monitoring.

Hernández et al. (2019) propose a risk objective function that incor-
porates both the length and safety of the path in underwater vehicle
applications. Ono et al. (2014) investigate safe path planning for marine
robots. To avoid capsizing and bow-diving, they propose a method of
classifying safe and unsafe velocities. They then adopt model predictive
control for planning a path. Papachristos et al. (2019) research belief
space planning for aerial robotic uncertainty-aware path planning. Their
algorithm ensures mapping consistency while exploring an unknown
environment. Hollinger et al. (2016) propose a risk-aware Gaussian
process to learn the uncertainty in ocean current prediction for safe nav-
igation. Somers and Hollinger (2016) develop a risk-averse marine data
collection method given by human operator’s preferences but refined
by probabilistic planning with nonparametric uncertainty modeling. A
more detailed survey can be found in Zhou and Tokekar (2021).

Chance-constrained optimization is one of the optimization tech-
niques where some constraints dictate the probability of having risky
events being bounded. Ono et al. (2015) propose dynamic programming-
based chance-constrained optimization that handles joint chance con-
straints caused by uncertain terrain conditions for space exploration.

Previous work has employed linear temporal logic to consider the
notion of safety encoded as user-defined specifications. Barbosa et al.
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(2019) adopt signal temporal logic, extended from linear temporal logic
to handle real-time and real-valued constraints, to explicitly model
maximum and minimum allowable distances from obstacles.

4.2 Which Tasks to be Assigned

In large-scale environmental monitoring, the size of the environment
is significantly larger than that of the FOV of a sensor mounted on a
robot, making the robot spend an enormous amount of time gathering
useful information. Therefore, multi-robot systems would expedite task
completion by distributing sensing burdens cooperatively. The deploy-
ment of multiple robots, furthermore, yields beneficial features over
single robot deployment, such as resiliency against failures, reliability
for complex tasks, and simplicity in design (Khamis et al., 2015).

In the multi-robot literature, discrete targets and disjoint regions
are often called tasks. The critical challenge to multi-robot coordination
from the planning perspective is the problem of assigning a set of given
tasks to robots. Tasks must be allocated among robots to minimize
time or energy spent by all robots and achieve desirable global task
performance expressed in utility.

As task allocation has a vast amount of literature, we redirect inter-
ested readers to the survey papers (Gerkey and Matarić, 2004; Korsah
et al., 2013; Khamis et al., 2015). In this survey, we highlight some of
the recent work related to environmental monitoring. In particular, we
present two constraints mainly studied in task allocation: each robot can
be assigned to at most a single task at a time (single task assignment)
or multiple tasks (multi-task assignment).

4.2.1 Single task assignment

In the case of single-task robot and single-robot task, both robot and
task are assigned to at most a single counterpart. This task can be
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formally formulated, shown in (Gerkey and Matarić, 2004), as:

max
M∑

i=1

N∑
j=1

αijwjUij ,

s.t.
M∑

i=1
αij = 1, ∀ j ∈ {1, .., N},

N∑
j=1

αij = 1, ∀ i ∈ {1, .., M},

(4.1)

where i is the robot index, j is the task index, Uij is the utility of
choosing task j for robot i, wj is the weight of the j-th task, and α is
a non-nagetive integer. The goal is to determine αij for all robot and
task pairs that maximizes the weighted sum of utility in Equation (4.1).
Several challenges studied for single-task robot and single-robot task
include interrelated tasks and resource contention among robots (Nam
and Shell, 2015).

There are cases where multiple robots can allocate the same task.
For example, each robot can execute at most a single task while some
tasks can be shared (single-task robot; Gerkey and Matarić, 2004), and
some tasks can be achieved by multiple robots (multi-robot task; Gerkey
and Matarić, 2004). A coalition-formation game is adopted by Jang
et al. (2018) to form subteams of robots where the selfish robots seek
to increase their reward by forming a coalition. They provide a decen-
tralized algorithm requiring a strongly connected communication graph
and prove a suboptimal Nash stable partition under certain conditions.

The online assignment problem is solving task allocation repeatedly
to ensure dynamic task allocations on the fly in many robots and tasks.
Liu and Shell (2012) study online assignment problem in terms of single-
task assignment that dynamically mixes centralized and decentralized
approaches to generate efficient and robust allocation.

4.2.2 Multi-task assignment

Often, each robot from a robot team must be able to deal with more than
a single task, particularly when the number of tasks (e.g., monitoring
sites or targets of interest) is larger than that of robots. Robots can
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determine their assigned tasks either a priori for stationary tasks, or
online for tasks that are dynamic in space and time.

Multi-robot multi-target assignment is fundamentally more challeng-
ing than conventional multi-task assignment among immobile agents
because planning robot trajectories is also involved. It is undesirable in
terms of time and energy that one robot travels a long distance to reach
a task where another robot is nearby. Thus, distributing a fair amount of
traveling distance and a fair number of tasks is critical. Communication
challenges, such as limited communication range, limited bandwidth,
and communication delay, can bring additional complexity.

Combinatorial optimization techniques, such as mixed-integer lin-
ear programming and mixed-integer quadratic programming, are often
employed to solve the assignment problem between a set of robots
and a set of tasks. However, most multi-task assignment problems are
NP-hard (Vazirani, 2013), increasing the computational complexity
dramatically as the number of robots and tasks increases. Algorith-
mic efforts have been mostly focused on alleviating the computational
complexity by developing approximation algorithms (Vazirani, 2013) or
distributed algorithms (Lynch, 1996).

To avoid a single central processor that manages all information and
computations, auction algorithm (Bertsekas, 1988) has been popular as
distributed algorithms, which works for both single and multi-task assign-
ment. The idea of the auction algorithm originates from market-based
coordination, where robots are considered self-interested participants
and bid for tasks. The value of a task is computed by the difference
between a reward and a price (e.g., distance robot and task location) of
achieving the task. An auctioneer determines an appropriate selection
of bids among robots based on computed task values. The auction
algorithm achieves globally efficient solutions from selfish robots by
maximizing their rewards and minimizing others’ rewards (Zlot, 2006).
Variants of the auction algorithm have been proposed to include addi-
tional features and show theoretical guarantees, including exploiting
local information (Zavlanos et al., 2008), a conflict-free assignment
guarantee (Choi et al., 2009), and optimal assignments (Liu and Shell,
2013).

In multi-task assignment literature, various algorithmic challenges
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motivated by practical applications have been proposed. Examples,
but not limited to, include tasks exhibiting different levels of prior-
ity (Notomista et al., 2019), balancing the workload among robots to
reduce idle robots (Schwarzrock et al., 2018), scheduled tasks with time
window (Nunes and Gini, 2015; Suslova and Fazli, 2020), and disjoint
groups of tasks (Luo et al., 2014).

4.3 What Samples to Collect

There are often requirements for physically collecting ex-situ samples
that are spread in the environment, especially when samples are needed
to be analyzed in the lab. Due to the limited load capacity (i.e., budget)
of a robot, only a limited number of samples can be gathered by a
robot in a single deployment. The general formulation of this problem
can be written as max R(S) s.t. |S| ≤ B, where R is a scalar function
quantifying the quality of samples, S is a set of collected samples, and
B denotes a given budget, which represents the maximum capacity of
samples that can be collected.

Suppose all the sample information, such as the location and quality,
is revealed to the robot a priori. In this case, the optimal strategy of
collecting samples can be constructed, maximizing a reward or utility
given a limited budget. However, in reality, partial or no information
is given in most cases, which makes finding an optimal offline solution
often infeasible. Although a sample currently available to be collected
exhibits a good quality of interest, the robot may still want to give up
on that sample and move on to the next sample, hoping that samples
at a later time have better quality. Given these challenges, the robot
must be able to determine what samples to collect among the stream of
observed samples in exploring unknown and stochastic environments.

The hiring (or) secretary problem (Freeman, 1983; Ferguson et al.,
1989) involving the optimal stopping theory (Shiryaev, 2007) addresses
a relevant problem that can be related to the question of what samples
to collect. The problem formulation is as follows. Given n number of
secretary applicants of unknown quality, the interviewer interviews
one applicant at a time, evaluates the quality of the applicant, and
determines whether to hire the applicant. If the interviewer decides
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to hire the current applicant, the process ends; otherwise, the next
applicant comes in. The process repeats until one applicant is hired.
The rejected applicant cannot be considered anymore, so the interviewer
makes irrevocable decisions. Das et al. (2015a) present a data-driven
sampling strategy that minimizes cumulative regret for batches of
plankton samples using a combination of Bayesian optimization in the
bandit setting, with online best-choice with hiring algorithm. Flaspohler
et al. (2018) propose irrevocable sample selection for a periodic data
stream. Manjanna et al. (2018) consider two robotic boats for exploring
the lake and sampling water samples using the Gaussian process-based
modeling. They propose a variant of the secretary problem for finding the
sampling locations, but their version allows the robot to visit previous
sampling locations.

4.4 When to Collect Samples

When environmental monitoring involves multiple complex objectives,
such as avoiding obstacles, reducing state uncertainty, and periodically
collecting samples, it becomes challenging to determine the timing of
the action of collecting samples from an environment. Nonetheless,
the question of when to collect samples is less explored than other
decision-making problems in the literature.

Since deciding when to collect samples is related to temporal reason-
ing, previous work has studied it in formal verification, specifically linear
temporal logic (LTL). In LTL, a user defines task specifications, such
as eventually or infinitely often holding an event (i.e., LTL formulas)
along with many others, and synthesizes a control policy that satisfies
those specifications. As such, deciding when to collect samples can be
encoded as one of the specifications along with other task specifications
to determine the sample collection timing implicitly.

Lu and Han (2018) use the LTL to enforce a team of robots to
infinitely often visit a partitioned set of environments. Nilsson et al.
(2018) and Leahy et al. (2019) employ the LTL for aerial-ground robots
to collect samples from uncertain environments collaboratively. For
interested readers, refer to the survey papers on formal specifications in
robotics (Kress-Gazit et al., 2018; Luckcuck et al., 2019).
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The intermittent deployment problem proposed by Liu and Williams
(2019) addresses the challenge of dependency between current and future
monitoring to determine when to deploy a team of robots for monitoring
(e.g., collecting samples). This challenge arises from a scenario where
current monitoring influences underlying environmental dynamics.

4.5 How to Learn Environment

Generally, environment representation is not given a priori; thus, we
must learn task-specific representation by gathering relevant data in
the field. In Chapter 2, we have introduced numerous representations
and their properties. This section focuses on existing environmental
monitoring methods, leveraging recent machine learning advances. It is
particularly fascinating to review machine learning techniques due to
the recent popularity of deep learning-based approaches. An extensive
summary of machine learning applied for data-driven geoscience can be
seen in Bergen et al. (2019). We leave out the Gaussian process-based
methods in this section (i.e., learning hyperparameters in a data-driven
way) as we present numerous studies in Chapter 2 and Section 4.1.

4.5.1 (Un)supervised learning

Following the great success of replacing traditional machine learning
approaches (Nuske et al., 2011) with deep neural networks (DNNs) in
the computer vision community, most efforts have been spent appropri-
ately adopting deep learning-based vision capabilities in environmental
monitoring tasks. This supervised learning framework learns to predict
attributes of an object of interest (e.g., location, size, and color) from an
image input, requiring human annotation to create a training dataset.

Numerous studies in agricultural robotics (R Shamshiri et al., 2018;
Vougioukas, 2019; Sparrow and Howard, 2021; Oliveira et al., 2021a;
Basiri et al., 2022) and forestry (Oliveira et al., 2021b) have applied
convolutional neural networks (CNNs) to detect objects of interest, such
as weed classification (Sa et al., 2017), tree diameter estimation (Chen
et al., 2020a), and corn stand counting (Kayacan et al., 2018). Häni et al.
(2020) conduct a comparison study between the deep learning method
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and classical method (i.e., Gaussian mixture model-based approach)
on apple detection and counting algorithms in orchards. They show
that the deep learning method outperforms the classical technique on
counting while the classical method still performs well on detection.
Chen et al. (2020b) use CNNs to detect and segment individual rocks
on a rocky fault scarp, building a semantic map of rocks to study the
formation and development of rocky fault scarp processes.

Neural networks have also been applied to improve planning perfor-
mance. Saroya et al. (2020) use CNNs to learn topological features in
mining tunnels and caves to inform frontiers for robots, enhancing sub-
terranean exploration. Li et al. (2021) propose the convolutional neural
network-recurrent neural network to learn a multivariate spatiotemporal
environment. They also incorporate the attention mechanism to detect
parameterwise dependencies and spatial correlations, driving active
sensing.

Weakly supervised learning refers to supervised learning with noisy
labeled data. Koreitem et al. (2020) learn a visual similarity operator
via a weakly supervised method to guide visual navigation.

The self-organizing map (Faigl et al., 2016; Best et al., 2018; Ja-
yaratne et al., 2019; Best and Hollinger, 2020) has been developed to
learn a lower-dimensional representation of an input space without its
violating topological properties. This unsupervised learning procedure
is used for active perception and data collection.

4.5.2 Reinforcement learning

Due to the burst of advances in reinforcement learning (RL), numerous
recent studies have employed RL to learn a policy for robots via online
interaction with environments. RL algorithms developed recently show
promising performances in sample efficiency and generalization, known
challenges in RL, motivating researchers in environmental monitoring
to adopt for their applications.

Several previous work has extended existing RL algorithms to tackle
environmental monitoring-specific challenges. Martin and Englot (2017)
address heteroscedastic marine environments where noise varies over
states and actions, as opposed to environments having homogeneous
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noise in general RL problems, and propose a model-based algorithm. In
their subsequent work (Martin et al., 2018), they propose a model-free
algorithm for navigation in marine environments by reducing tem-
poral difference updates to Gaussian process regression for data effi-
ciency. Chung et al. (2015) develop resource-constrained exploration
that is adaptive and directed. They use the Gaussian process regression
to model the value function and propose a Gaussian process-based
state–action–reward–state–action (SARSA) algorithm. To generate non-
myopic action sequences, the objective function is involved with resource
weights and a future information gain. Chen et al. (2019a) design a
deep RL tree to find near-optimal sampling locations by computing
maximum information gain from the spatiotemporal field. Notomista
et al. (2022) study RL to learn a coordinated-control policy for multiple
robots based on a control-theoretic measure of the information (i.e., a
norm of the constructability Gramian).

The RL framework has been adopted for various environmental
monitoring applications. We present several studies demonstrating how
environmental monitoring tasks can benefit from RL. Zhi et al. (2019)
construct a 2D map by obtaining semantic segmentation obtained by
visual images, which then becomes an input to the deep RL framework to
determine the robot’s action. Niroui et al. (2019) introduce deep RL to
the conventional frontier-based exploration to handle high-dimensional
state spaces. Their deep RL takes the map, robot, and frontier locations
as input and yields a goal location as output. They adopt asynchronous
advantage actor-critic as a learning tool instead of deep q-network due to
its slow convergence rate. Doroodgar et al. (2014) propose hierarchical
RL that can learn and make decisions with human supervision given
multiple tasks. In their subsequent work (Hong et al., 2018), they
extend to the control of multi-robot teams so that the operator reduces
interaction effort while improving task performance. Chen et al. (2019b)
employ RL to a known environment coverage task to reduce application-
specific customization. Rückin et al. (2022) propose a Monte Carlo
tree search with a convolutional neural network for informative path
planning in unknown environments.

In urban search and rescue, (hierarchical) RL is adopted to learn to
explore unknown environments while allocating rescue tasks to multiple
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robots (Doroodgar et al., 2014; Hong et al., 2018; Niroui et al., 2019).

4.5.3 Other learning methods

Graph neural network (GNN; Wu et al., 2020) is designed to perform
inference from graph-structured data, leveraging the notion of equivari-
ance for efficient learning. GNN is particularly useful for multi-robot
systems as a graph can naturally represent the communication network
among robots. Tolstaya et al. (2020) exploit GNN to learn the spatial
equivariance of the multi-robot coverage task so that it can generalize to
larger maps and larger teams. Gosrich et al. (2022) focus on designing
a GNN-based decentralized control policy addressing limited sensing
range within a team of robots.

Tompkins et al. (2020) consider domain adaptation of occupancy
map models leveraging the observation that real-world structures contain
similar geometric features. Their optimal transport-driven method learns
to transfer parameters from domain to domain, static to dynamic
environments, and simulation to real-world.

DNNs have the capacity to learn hierarchical features and establish
global connections, allowing them to capture both local and global
patterns in data. In contrast, Gaussian Markov random fields (GMRFs)
operate under conditional independence assumptions, resulting in a
sparser, more localized connectivity pattern (Xu et al., 2016; Kreuzer and
Solowjow, 2018; Duecker et al., 2021). GMRFs excel in modeling such
data due to their localized connections. However, when environmental
processes are influenced by global phenomena or when the dataset is
extensive and varied, the flexibility and capacity of DNNs to learn
from the data become crucial. The choice between DNNs and GMRFs
should be guided by the specific objectives of the modeling effort. If the
goal is to understand local spatial relationships or to perform spatial
interpolation, GMRFs provide an efficient and interpretable option. For
tasks that require capturing more complex patterns or when working
with large and diverse datasets, DNNs might be more appropriate.
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4.6 Who to Communicate

Often, the field of interest is extensive and cannot be monitored by a
single robot. Thus, we deploy multiple robots to aggregate local infor-
mation obtained by a single robot to estimate global information. When
deploying multiple robots for environmental monitoring, the robots
must decide who to communicate due to the limited communication
capability. As communication challenge in multi-robot systems has
long been researched in robotics (see the survey papers by Yan et al.,
2013; Rizk et al., 2019; Gielis et al., 2022), we introduce environmental
monitoring-related studies in this section.

Communication is one of the major bottlenecks, especially for field
robots to deploy, as a stable WiFi connection is hard to achieve in
practice due to the jerky motion of robots, mechanical issues, and WiFi
interference. Thus, existing methods assuming perfect communication
(i.e., centralized communication or all-to-all communication) may not
be readily applicable to real-world deployment. We need a mechanism
to enhance robot coordination, such as a communication map (Li et al.,
2019).

Distributed consensus is one of the frequently-used coordinating
methods whose objective is to reach an agreed value among multiple
robots. Measurements taken by neighboring robots are averaged and
shared through communication. Analysis of convergence is critical in
consensus-based algorithms. Lynch et al. (2008) allow for heterogene-
ity and unknown and varying communication network among robots.
Aragues et al. (2012) propose a dynamic consensus method for map
merging applications. Tamjidi et al. (2019) improve a consensus filter
for a dynamically changing network of robots by separating correlated
information from uncorrelated one to achieve robustness to network fail-
ure. Jang et al. (2020) propose a consensus-based distributed Gaussian
process algorithm.

Topology control allows robots to actively determine which com-
munication link to enable from a set of available links under limited
communication and sensing constraints. Williams and Sukhatme (2013)
propose a distributed interaction control scheme considering a set of
topological constraints. Their scheme allows robots to actively retain
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and reject communication links from their neighbors, which is discrete
switching, and to control based on attractive and repulsive potentials
fields. Aggregation and dispersion with node degree constraints are
verified with stability analysis. Mukherjee et al. (2020) study optimal
topology selection when asymmetric interactions among robots exist.

Multi-robot coordination requiring all-time connectivity is undesir-
able as this constraint may deteriorate the task performance of multi-
robot systems. Breaking the connectivity for some time may yield more
flexible planning, called periodic connectivity in the literature. Hollinger
and Singh (2012) develop an online algorithm scaling linearly with the
number of robots and allowing for periodic connectivity constraints.
They also show inapproximability results for connectivity-constrained
planning. Wu and Zhang (2012) propose a switching strategy between
individual and cooperative exploration to find a local minimum of an
unknown field. Robots switch to cooperative exploration when con-
verging to a local minimum at a satisfying rate is not detected and to
individual exploration when the signal-to-noise ratio is improved. Banfi
et al. (2018) study multi-robot reconnection planning on graphs. Their
algorithm consists of two phases: optimizing the environmental moni-
toring objective and reconnection planning to regain global multi-hop
connectivity.

While periodic connectivity enforces fixed-interval connectivity, in-
termittent interaction relaxes this fixed-interval constraint and asks an
algorithm to determine when to connect. Kantaros et al. (2019) investi-
gate a scenario where multiple robots conduct an information-gathering
task without requiring the connectivity condition at all times. Their
approach is based on linear temporal logic (LTL). They propose a global
LTL that ensures intermittent connectivity among groups of robots and
a local LTL that achieves a local task of a robot, such as the monitoring
task. Their algorithm is distributed, online, and asynchronous. Heintz-
man and Williams (2020) address an interaction planning problem,
avoiding obstacles and respecting the constraints on random position
samples. Their method is greedy and yields a theoretical guarantee
using submodular objective function and matroid constraint.



5
Conclusions and the Future Work

In this article, we survey algorithms for efficient sampling for envi-
ronmental processes. First we discuss robust representations of the
environment, followed by a listing of various tasks we are interested in
carrying out on these environments, and finally, algorithms to execute
these tasks.

Environmental monitoring involves the development and imple-
mentation of comprehensive autonomous systems, incorporating key
components such as perception, state estimation, planning, and control.
In addition to improving the performance of algorithms within the
taxonomy to create reliable and successful systems for deployment in
the real world, there are several promising future directions that have
yet to receive sufficient research attention. We conclude the survey by
introducing these future directions.

Heterogeneity Environmental monitoring presents inherently complex
challenges, even when considering a single type of robot and a single
type of sensor. It is evident that a heterogeneous team of robots or the
utilization of heterogeneous sensor modalities within a single robot holds
great potential for enhancing monitoring performance and addressing
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challenges that homogeneous teams or sensors may struggle with. For
instance, the collaboration between aerial robots and ground robots can
leverage the agility of aerial robots and the close perception and physical
interaction capabilities of ground robots, resulting in synergistic benefits.
Agriculture robots equipped with a combination of camera sensors
and heat sensors have the potential to outperform robots equipped
with either sensor alone. However, to fully harness the advantages of
heterogeneity in environmental monitoring, there is a pressing need for
a principled approach to merging different environment representations
and addressing algorithmic considerations, which currently remains an
open problem.

Environment Manipulation In environmental monitoring research,
the focus has primarily been on robots serving as passive observers or
collectors of samples, with limited consideration given to their active
interaction with the environment. However, in the real world, there are
numerous scenarios where manipulability would offer significant benefits.
For instance, in hazardous environmental monitoring, the ability to
push and manipulate hazardous materials would optimize the collection
of a larger amount in a single deployment. Moreover, manipulability
equates to increased exploration capabilities for robots. Leveraging
techniques developed in manipulation planning and control can not only
address new challenges in environmental monitoring but also tackle
more complex monitoring tasks. By embracing the potential of robot
manipulability, the field of environmental monitoring can advance and
effectively tackle a wider range of monitoring objectives.

Datasets, Simulations, and Models Following the trends in the vision
and language communities, several benchmark simulations have recently
been developed in robotics. These simulations serve the purpose of
facilitating performance comparison among various methods and data
collection for learning or pretraining. A crucial aspect of simulations is to
minimize the sim-to-real gap, ensuring that running a robot in simulation
closely resembles its behavior in the real world. However, there is
limited research that applies the same level of effort to field robotics,
specifically in the domain of environmental monitoring. Conducting
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robot experiments in real-world environments is significantly more
challenging and resource-intensive, which justifies the need for building
realistic and reliable simulations. Additionally, as algorithmic efforts
in environmental monitoring are diverse and not easily comparable
to other approaches, the development of such simulations can help
converge towards promising approaches in the community and boost
collaborative efforts.

Environmental monitoring typically occurs in unstructured, dynamic,
and uncertain physical environments. One of its primary objectives is
to gain a deeper understanding of scientific phenomena, which can
significantly enhance the achievement of monitoring goals compared to
situations where the environmental dynamics are poorly understood.
Surface vehicles and underwater robots, for instance, can greatly benefit
from understanding flow currents to accomplish their objectives more
effectively. Similarly, monitoring natural disasters such as fires would
be facilitated if the underlying physical laws governing fire behavior
can be revealed and utilized. While some efforts have been made in
this direction, there are numerous valuable techniques and methods
from scientific fields that can be leveraged to develop physics-informed
perception, planning, and control approaches. By harnessing these
approaches, environmental monitoring tasks can be tackled with greater
efficacy and efficiency.
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